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Abstract 

Using the iterative scheme we prove the local existence and uniqueness 
of solutions of the spherically symmetric Einstein- Vlasov-Maxwell system 
with small initial data. We prove a continuation criterion to global in-time 
solutions. 



2 : 1 Introduction 



In 0, the authors prove the global existence solutions of spatial asymptotically 
flat spherically symmetric Einstein- Vlasov system. This provides a base for the 
mathematical study of gravitational collapse of coUisionless matter; for related 
works see 0, 0], [Zj, |H1- That study concerns uncharged particles. We consider, 
under the same assumption of spherical symmetry, the case where the particles 
, are charged. To describe the full physical situation, we must then couple the 

^ ' previous system to the Maxwell equations that determine the electromagnetic 

field created by the fast moving charged particles, and that reduces, in the 
spherically symmetric case, to its electric part. 

It is appropriate at this point to examine the motivation for considering this 
particular problem which unlike the probleme [1] has no direct astrophysical 
applications, there are, however, two reasons why the problem is interesting. 
The first reason is that it extends the knowledge of the Cauchy problem for 
systems involving the Vlasov equation (which models coUisionless matter) and 
it will be seen that it gives rise to new mathematical features compared to those 
cases studied up to now. The second reason is connected with the fact that 
it would be desirable to extend the work of [HI beyond spherically symmetric. 
In particular, it would be desirable from a physical point of view to include 
the phenomenon of rotation. Unfortunately, presently available techniques do 
not suffice to get away from spherical symmetry. In this situation it is possible 
to attempt to obtain further intuition by using the analogy between angular 
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momentum and charge, summed up in John Wheeler's statements, "charge is 
poor man's angular momentum" . Thus we study spherical systems with charge 
in hope that this will give us insight into non-spherical systems without charge. 
This strategy has recently been pursued in the case of a scalar field as matter 
model, with interesting results [TJ. 

Due to the presence of electromagnetic field, the matter quantities are not 
compactly supported in the spatial variable as it is the case for uncharged parti- 
cles. So, with this default of compactness, it becomes difficult to prove that the 
sequence of iterates we use is well defined and converges to a unique solution of 
the Cauchy problem. The interest of this work lies on the fact that, with a weak 
regularity condition on matter quantities, the authors prove a local existence 
theorem and a continuation criterion for solutions which may allow to study the 
global behaviour of such solutions. We are not aware that this has been done 
before. 

In our specific case, we are led to a difficulty in solving the Cauchy prob- 
lem by following Let us first recall the situation in [S| before seeing how it 
changes in the case of charged particles. In [S], using the assumption of spheri- 
cal symmetry, the authors look for two metrics functions A and ji, that depend 
only on the time coordinate t and the radial coordinate r, and for a distribution 
function / of the uncharged particles that depends on i, r and on the 3-velocity 
V of the particles; the metric functions A, are subject to the Einstein equa- 
tions with sources generated by the distribution function / of the coUisionless 
uncharged particles which is itself subject to the Vlasov equation. They show 
that the Einstein equations to determine the unknown metric functions A and 
^, turn out to be two first order O.D.E. in the radial variable r, coupled to the 

o o ° 

Vlasov equation in /. Putting t = 0, and denoting by A(r) ,/i(r) and f{r,v) the 
initial data for A(i,r), fJ.(t^r) and f{t,r,v) respectively, the constraints equa- 
tions on the initial data can be solved easily and they need just to prescribe an 

o 

appropriate condition on /(r, v) to obtain a unique local solution of the Cauchy 
problem. 

In the case of charged particles, due to the presence of the electromagnetic 
field in the source terms of Einstein's equations, the initial value problem is not 
easy to solve. We consider the case of a spherically symmetric electric field E 
of the form E(t,r) = e(i, r)^, where e(f, r) is an unknown scalar function and 

r the position vector in K"^. We denote by e the initial datum for e{t,r). The 
Einstein - Maxwell equations imply three constraints equations on the initial 
data, that are a singular first order O.D.E in the radial variable r. In [3], using 

o 

singular O.D.E techniques, the authors describe one large class of functions / 
for which the constraints equations on the initial data are solved. In this paper, 
we use the above result to define the iterates and we obtain sequences of iterates 
that converge to the unique local solution of the initial value problem. Moreover 
we prove the continuation criterion, i.e the control of momenta in supp / which 
may allow the extendability of the solution for all time, proving the extension 
of the results of [S] to the case of charged particles with the above indicated 
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consequences. 

The paper is organized as follows. In Sect. 2, we recall the general formula- 
tion of the Einstein- Vlasov-Maxwell system, from which we deduce the relevant 
equations in the spherically symmetric spatial asymptotically flat case. In Sect. 
3, we establish some properties of the characteristics of the Vlasov equation and 
we show how to solve each equation when the others unknown are given. In 
Sect. 4, we prove a local existence and uniqueness theorem of solutions for the 
system, together with a continuation criterion for such solutions. 

2 Derivation of the relevant equations 

We consider fast moving coUisionless particles with charge q. The basic space- 
time is (R^, g), with g a Lorcntzian metric with signature (— , +, +). In what 
follows, we assume that Greek indices run from to 3 and Latin indices from 1 to 
3, unless otherwise specified. We also adopt the Einstein summation convention. 
The metric g reads locally, in cartesian coordinates (a;") = {x°,x'^) = {t,x): 

ds'^ = gafsdx" 1^ dxf^ (2.1) 

The assumption of spherical symmetry means that we can take g of the following 
form (Schwarzschild coordinates) [T^ 

ds^ = -e^t'dt^ + e^^dr"^ + r^{dd^ + [siuefdif^) (2.2) 

where n = ^l{t,r); A = A(i,r); i e K; r e [0,-Hoo[; 6 G [0,7r]; ip £ [0,27r]. The 
Einstein - Vlasov - Maxwell system can be written: 

Rat3 - \9c.pR = MTc^pif) + r^0{F)) (2.3) 



£x(F)/ = (2.4) 
VcF""^ = J^; VaF^T, + WpF^a + V^Fc^fi = (2.5) 

with: 



JR3 4 

J'^{f){x) = 1 [ P'^fix,p)ujp, t^p =1 g |5 , Po = goaP° 



Po 

X"(F) = (p", -r^yp^ ~ qpPFp "), 

where F^^ denote the Christoffel symbols, and Cx(f) the Lie derivative. Here, 
X — {x°') is the position and p — {p") is the 4- momentum of the particles. In the 
expressions above, / stands for the distribution function of the charged particles. 
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F stands for the electromagnetic field created by the charged particles. Here 
1)2. 3|l are the Einstein equations for the metric tensor g = (gap) with sources gen- 
erated by both / and F, that appear in the stress-energy tensor 8Tr(Taf3 + Tap). 
Equation (|2.4|) is the Vlasov equation for the distribution function / of the col- 
lisionless particles and (|2.5|l are the Maxwell equations for the electromagnetic 
field F, with source (current) generated by / through J = J{f). One verifies 
(using the normal coordinates) that the conservation laws \7a{T°'^ + t"^) = 
hold if / satisfies the Vlasov equation. 

By the assumption of spherical symmetry, we can take g in the form l|2.2|) . 
One shows, using the Maxwell equation that F reduces to its electric part, we 
take it in the form E = {E") with E° = 0, i?* = e{t, r)^, and then, a straight- 
forward calculation shows that: 



Too = -e^^'+''^e\t,r); To, = 

where Sij denote the Kronecker symbols. 

These relations and results of show that the spherically symmetric Ein- 
stein - Vlasov - Maxwell system writes as the following system in A, /i, /, e: 

e'2^(2rA' - 1) + 1 = Sirr^p (2.6) 
A = -Anre^+i'k (2.7) 



e-2^(2V - 1) + 1 = Sirr^p (2.8) 
e-2\^" + (/ - A')(Ai' + -)) - e^^^i'X + A(A - /i)) = iirq (2.9) 



ot \/l + ox \ r J r ov 

(2.10) 

(9 

— {r^e^e(t,r)) = qr^e^M (2.11) 
or 

^(e^e{t,r)) ^ -^e^ (2.12) 
ot r 

where A' = f^; A = |f and: 

p{t,i)^ j f{t, X, v)\/l + v^dv + ie2^(*^*)e2(t, i) (2.13) 



4 



k{t,S:)^ —f{t,i,v)dv (2.14) 
P{t,i)^f ('^)'/(t,i,.)^^- V(*-)e^(t,i) (2.15) 
qit,i) = J^^ - (^^y^l fit,S:,v)^^ + e^^i'-^^e\t,i) (2.16) 



M{t,i)= f{t,i,v)dv- N{t,x)^ -j==fit,i,v)dv. (2.17) 

Here (12. 6f) . (|2.7|l . I2.8|l and (|2.9|) are the Einstein equations for A and ^, H2.1U|I 
is the Vlasov equation for /, (|2.11l) and H2.12II are the Maxwell equations for 
e. Here x and v belong to M"^, r :=| x |, x.v denotes the usual scalar product 
of vectors in R'^, and :— v. v. The distribution function / is assumed to be 
invariant under simultaneous rotations of x and v, hence p, fc, p, M and N can 
be regarded as functions of t and r. It is assumed that f{t) has compact support 
for each fixed t. We are interested in spatial asymptotically flat space-time with 
a regular center, which leads to the boundary conditions that: 

lim A(t,r) = lim n{t,r) = lim e{t,r) = X{t,0) = e{t,0) = (2.18) 

r^oo r — '■oo r-^oo 

Now, define the initial data by: 

{o o o 

/(O, X, v) = f{x, v); A(0, x) = X{x) = A(r) ^^-^ 
/x(0, x) = ^{x) = fi{r); e(0, x) = e{x) = e(r) 

o 

with / being a C°° function with compact support, which is nonnegative and 
spherically symmetric, i.e 

G 50(3), y{i,v) e R^ f{Ai,Av) = f{i,v). 

We have to solve the boundary initial value problem (|2.6() . (|2.7|l . 12.8|l . H2.9|) . 
ijTTUIl . (EUl), |TT^ . fTTH|l . and (EUl). 



3 Preliminary results, conservation laws, and re- 
duced systems 

For given p and p, (|2.6|l and H2.8|l determine (A, /i) and the right hand side of 
1)2. 7|l is known when k is given. So we can use this equation to define A as the 
time derivative of A. Indeed we show later that A = A . Therefore, we call 
auxiliary system to equations 1)2. 7|) and H2.10|l the following equations: 

ot V 1 + w t;^: V r J r ov 

(3.1) 
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where 

A = -A^Te^+^'k (3.2) 

together with H2.6|l . H2.8|) and (|2.11|) . It appears clearly that a solution (A, /i, e, /) 
of the coupled system ^T^, igSl), (EHH), and (EH) that satisfies (ES, (EHHI), 
H2.12|l and A = A is a solution of the full initial system. Before we do so, we 
make precise the regularity properties which we require of solution: 
Definition Let / C M be an interval. 

a) / : / X ^ M+ is regular, if / e (/ x R^), f{t) is spherically symmetric 
and supp/(i) is compact for all i e /. 

b) p(or p, q) : / x ^ M is regular, if p e C-^(/ x R^), p{t) is spherically 
symmetric for all i G /. 

c) M(or iV) : / X R3 ^ M is regular, if M G C^J x R^), M{t) is spherically 
symmetric and suppAf (i) is compact for all t Cz I. 

d) /t : / x K3 ^ E is regular, if A: G C{I x R^) n Ci(/ x R^ \ {0}), k{t) is 
spherically symmetric, suppfc(i) compact and k{t) G C^([0,+oo[) for all 
tel. 

e) A, /I, A : / x [0, +oo[^ R is regular, if A,/i, A G C^(/ x [0, +oo[); A, ^, A 
satisfy (|2.18|l and 

X{t, 0) = A'(t, 0) = fi'{t, 0) = ~X'{t, 0) = 0, 

for all t € I. 

f) e : / X [0, +oo[^ M is regular if e, e' G C{I x [0, +oo[) and e satisfies (|2.18f) . 

Remark 3.1 /// and e is regular then quantities p, p, k, q, M and N defined 
from f are also regular in the appropriate sense. 

Let us now consider the Vlasov equation H3.1|l for prescribed functions A, /z, A 
and e. 

Proposition 3.1 Let I he an interval with G /, A, /i, A and e regular on 
I X [0, +oo[, with A > 0, /i < and define 

Fi{s,x,v) ^ e^"-^ ^ 



F2{s,x,v) = 
and 



i/ i = 0, veR^ 



F{s, z) = F{s,x,v) — {Fi, F2){s,x,v); sG/ z — {x,v) e 

Then 
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a) Fe C\I X 

b) For every t I , z G M^, the characteristics system 

z = F{s,z) 

has a unique solution s i-^ Z{s,t,z) — {X,V){s,t, z) with Z{t,t,z) — z. 
Moreover, Z G C^{l'^ x M'^) is a C^-diffeomorphism of M.^ with inverse 
Z{t, s, s,t £ I, and 

{X,V){s,t,AS;,Av) = {AX,AV){s,t,S:,v) 

for A e SO{3) and i,v eR^. 

O 

c) For a nonnegative, spherically symmetric function f ^ C^, 
fit, z) = fit, i, v) = fiZiO, t, z)) = °fix\t, z), v'it, z)) 

o 

t £ I , x,v £ K."^, defines the unique regular solution of 1^3.1]) with /(O) = /. 

d) If f is the regular solution of 1^2. 1U\) . then 

where div is divergence in the Euclidian metric on K."^ and thus the quantity 

e^^*'^^fit,x,v)dxdv, tel (3.4) 
is conserved. 

Proof: The crucial point in the proof of part a) is the regularity of F2 at r = 0. 
Now the term 

—l^'is,r) = ^is,r) 
r ox' 

is continuously differentiable with respect to a: G M'^ and vanishes at r = by 
virtue of the regularity of fi. The term X^^^§^ is continuously differentiable with 
respect to x, using the regularity of A. The continuously differentiability of both 
terms with respect to t at i = follows from the fact that 

A(t,0) = ^'(t,0) = 0, tel 
and the following expression 



d 
dx'' 
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shows that the term is also continuously difFerentiable at r = 0, since by the 
regularity of e, we have: 

e{t, r) = re'{t, 0) + re{t, r), lim e{t, r) = 0. 

Therefore F2 is continuously differentiable on / x K.^. This implies local exis- 
tence, uniqueness and regularity of Z{.,t,z). Since 



dx 




ds 





Vl + V 



< e^"^ < 1 



X{.,t,z) remains bounded on bounded sub-intervals of I. On the other hand, 
by regularity of A, /i, e and 

\v\<\\\\v\ + \^^'\{l+\v\)+\q\\e\e^+'^ 

which is bounded on every bounded sub- interval of / by the Gronwall lemma, the 
same is true for V{.,t,z). Therefore, Z{.,t,z) exists on I. The other assertions 
in b) are standard, or follow by uniqueness. Assertion c) is an immediate conse- 
quence of b) and the fact that according to H2.10|l . / remains constant along the 
trajectories. Now, to prove part d), we multiply H2.10|l with e^, integrate with 
respect to v and apply Gauss theorem to obtain H3.4|l . The conservation law in 
d) corresponds to conservation of number of particles. The term comes from 
the fact that the coordinates v on the mass shell are not the canonical momenta 
corresponding to x, and proposition 3.1 is proved. 

We need the following result obtained by a direct computation to control 
certain derivatives of the unknown 0: 

Lemma 3.1 Let I be an interval, let X,fi, X, e : I x [0, -|-cx)[— > be regular, 
and define {X,V){s) = {X,V){s,t, z) for {s,t,z) € x as in proposition 
2.1. For j e {1, ...,6} define 



dX 
— 



(.) = t, z) + v/TTT^e(^--)(-^(^)) A(., t, z). 

dzj \X{s)\\X{s)\ Zj 



The 



J = ai(s, X{s), V{s))^, + 02(3, X{s), V{s))ri, 



^ = (as + a5)(s, Xis), V{s))^, + 04(5, X{s),V{s))r,, 

where the coefficients of matrices ai, ...,a5 are a regular functions of X, pL, e and 
their derivatives. 

Note that ai , 02, 04 and 05 are the same as in (0, lemma 2.3). But here, due 
to the presence of electromagnetic field, coefficients (03(5, x, v))^, of the matrix 
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as contents the corresponding terms in plus an additional one that is: 
q-ae^6l + qae^(e{y + fi') + e' + -~X- ^\ ^'^k 



Next, we investigate field equations p.6|l . (|2.8|) for given p, p and the Maxwell 
equation H2.11(l for given M . 

Proposition 3.2 Let A, e : / x [0, +00 M+ and J : / x ^ he regular 

and define p = p{f,X,e); p ^ p{f,X,e), M = M{f) as in 1^2. 1.^) . \2.15\) and 
{2.11\j , replacing f , X, e by f, X, e respectively, and let: 

m(t,r) = Att / s'^p{t,s)ds~ / p{t,y)dy (3-5) 

Jo "'lal<'' 

where t G /, r G [0, +oo[. Then there exists a regular solution {X,fi,e) of the 
system \2.f)]) . \2.f^) and \2.11\) on I x [0, +oo[ satisfying the boundary conditions 
k2.1S\) if and only if: 

^^^^<1, tel, re[0,+oo[. (3.6) 
The solution is given by 

r 

p\t, r) = e2A(t,0 (^a^ + ^^rp{t, r)) (3.8) 

p{t,r) = - / p'{t,s)ds (3.9) 

J r 

X'{t, r) = e2^(*-'^) (-^^^ + 47rrp(i, r)^ (3.10) 

A'(t, r) + ^'(t, r) - 4^e2^(*^'')(p(t, r) + p(t, r)) (3.11) 

A(t, r) > 0; /i(t, r) < 0; X{t, r) + p{t, r) < (3.12) 

and 

e(t,r) = -^e-^(*''^M s2e^(*^*)M(i, s)ds (3.13) 
Jo 

for {t,r) e / X [0, +00 [. 
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Proof: First observe that the field equation (|2.6II can be written in the form 

= 1 - 87rrV 

which can be integrated on [0, +oo[ subject to the condition X{t,0) = if and 
only if (|3.()l) holds, since the equality (|3.7|l holds only if its right hand side is 
nonnegative. We obtain (|3.8|l from (|2.8I) and using H3.7|l . So, (|3.7I) . (|3.8|l and 
H3.9|l clearly define the unique regular solution /i, which due to compact support 
of fit) converges to for r oo. The boundary condition for A at r = follows 
from the boundedness of p at r = 0. Now, if we solve (|2.6|l with unknown A' 
and observe we obtain l|TTnj) and give l|TTT|) . On the other 

hand (|3.7|l gives: 

X{t,r) = - -Log i^l >0. 

Since 1 — < 1, also fi' > and thus /i < due to the boundary condition 

at r = oo. From (|3.11|l it follows that A + /i is increasing in r, and since this 
function vanishes at r = oo, A + /i < 0. On the other hand, we obtain H3.13|l 
by integrating H2.11|l on [0, r] and using e{t, 0) — 0, since A > 0, A and M are 
bounded in r. Now, the differentiability properties of A, fi and e which are part 
of definition of being regular are obvious. Then the proof is complete. 

We now show that the reduced system mentioned above is equivalent to the 
full system. We also prove the following conservation law: 

^ + div fe''-^ f vfdv] = (3.14) 



Proposition 3.3 Let (A, /x, /, e) be a regular solution of subsystem f2.bV . 1^2.8}) . 
Y2.10\) and Y2.11\) satisfying the boundary conditions 1^2. 18\) . Then (A, /i, /, e) 
satisfies the full Einstein- Vlasov- Maxwell system 1^2.6]) . \2. 7| ), \2.^) . H2.y\) . \2.1U\) . 
and J^TWjl . and the A.D.M mass 

M{t):^ / p{t,y)dy= lim m{t,r) (3.15) 

Jr3 ''^"c 

is conserved. 

Proof: Using the conservation law (|3.3|) . we can deduce that each solution of 
equation H2.11|l is a solution of (|2.12|) . Also, differentiating the relation H2.13|l 
of p with respect to t and using the Vlasov equation l|2.10|l we obtain, by Gauss 
theorem: 

^^-dwie"-^ f w/di; ) - (p + p)(A + 47rre^+^fc). (3.14') 

ot X \ 7j{3 / 

So, we will have the conservation law (|3.14l) if the second term in the right hand 
side of (3.14') vanishes. But we obtain the latter if H2.7|l holds, and this can 
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be established, by differentiating (|3.7|l with respect to t, using (3.14'), Gauss 
theorem and the Gronwall lemma. Then, since arm holds, = and the 

A.D.M mass is conserved. Next, because (|2.7|l holds, we use once again the 
Vlasov equation and Gauss theorem to show that equation H2.9|l holds as well 
and the proof is complete. 

Remark 3.2 We consider the auxiliary system \2.6\) . \2.l^) . \2.11^ . \3.1^ and 
J^S. which we use in the proof of local existence result in the next section. 

Remark 3.3 Consider a regular solution (/, A,^, A, e) of the auxiliary system. 
Then, since e is a solution of 1^2.12^) . we can conclude that e G C^{I x M.^) and 
by the regularity of X, g^p G C^{Ix.M?), where the metric g is given in cartesian 
coordinates by: 



Proposition 3.4 Let (A,^,/, e, A) be a regular solution of 1^2.6]) . 1^2. ^2.11}) . 
1^3. 1\) and ]3.2\ Then {X,^,f,e) solves the full spherically symmetric Einstein- 
Vlasov-Maxwell system ^T^, ^E^, ^EIM, and ^TT^. 

Proof: Let (A, ^, /, e. A) be a regular solution of (j??TT|) . (|XT|l and 

H3.2|l . by proposition 3.1, we have only to show that A = A, and this is obtained 
by differentiating (|3.7|l w.r.t t, using (|3.11|l and Gauss theorem. Thus the proof 
is complete. 

Now, we give this result we use later, obtained by induction and integration 
and that is 

Lemma 3.2 Let h : [0,t] R be a continuous function. Then for all n G N, 
n > 1, we have: 

/ dsi / ds2 / ds3... / h{sn)dsn = -, -TT / {t - sy^~^h{s)ds 

Jo Jo Jo Jo {n-^yJo 



We end this section by recalling the constraints equations on the initial data. 
As the authors show in j3j, these equations are: 



9oo{t,S:) 



e^^^*^^\ 5o«(t,5) = 0, gijit,i) = % + (e' 




(3.16) 




(3.17) 




(3.18) 




(3.19) 
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4 Local existence and continuation of solutions 



In this section we prove a local existence and uniqueness theorem for regular 
solutions of the initial value problem corresponding to the spatial asymptotically 
flat, spherically symmetric Einstein- Vlasov-Maxwell system, together with a 
continuation criterion for such solutions. The basic idea of the proof is to use 

o ° o o 

for given small /, a solution (A,^,e) of the constraints equations H3.17|l . H3.18|l 
and (|3.19|l obtained in 3 , and proposition 3.2, to construct the iterates and 
show that these iterates converge to a solution on some interval of the coupled 
system. Here, compared to the situation met by the authors in the main 
difficulties are the following: equation (|2.6|) does not define directly A for given 
/ as it is the case for Einstein- Vlasov system, and if we consider (|2.7|) to define 
A, then A will become very unpleasant to control. The latter difficulty is solved 
by using the auxihary system (EHHI), lEHIl), lEHJ, l|0> and apply 

proposition 3.4. 

4.1 The construction of iterates 

o 

Let / E C°°(M^) be nonnegative, compactly supported and spherically symmet- 
ric with 

STT^s^^y f{s,v)VTTv^dv^ <r (4.1) 

Let °X,li,e e C°°(R3) be a regular solution of lprT7|l . l|TT^ and (pTTi^ . By 
proposition 3.4, it sufficient to solve the auxiliary system H2.6|) . H2.8|l . (|2.1U|) . 
H2.11|l . H3.1|l and H3.2(l . Furthermore, it is sufficient to solve this system for 
i > 0, the proof for i < would proceed in exactly the same way. Note that 

o 

by assumption (|4.1|l on / ensures the existence of a local solution of the 

o 

constraints equations, for law charge. We assume that supp/ C -B(ro) x B{uo), 
with B{r) the open ball of R^, with the center O and the radius r, 

o 

ro = sup{| i I \{x,v) e supp/} (4.2) 



uo = sup{| v\ \{x,v) e supp/}. (4.3) 
We consider the following iterative scheme: 

° o ° o 

Ao = A; ^0 = fa = /; ea = e; To = +oo. 

If A n—i, fMi—1, En— 1 and A„_i are defined and regular on [0, Tn—i['x [0, -l-oo[, with 
Tn-i > 0, then define 

F„-i{t,x,v) = {Fi,„^i;F2,n^i){t,S:,v) (4.4) 
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where, following proposition 3.1: 



Fi,„_i [t, i, v) = e^"-i-^"-i J_ (4.5) 

V 1 + 



(F2,„_i(t,x,i;) = -(A„_i%H+eP.-i-A„_i^,^_^^YTjr^_^g^_^gP„_i+A„_i)|^ if- 
[0 i = 

(4.6) 

for t € [0,T„_i[ and {x,v) G K^, denote by Z„(.,t, z) = (X„, F„)(., i, 5, w) the 
solution of the characteristic system 

i = F„_i(s, z) 

with Z„(t, t, z) — z, and define 

/„(i,z) = /(Z„(0,i,z)), ie[0,T„_i[, zeR6, 

i.e /„ satisfies the auxiliary Vlasov equation: 

ot ox ov 

o 

with /„(0) = /, and: 

Pn{t,i)^ I fn{t, i, «) Vl + vHv + ie2^"-i(*'^)e2_i(t, i) 

Pn{t,x)= f (£:!!)'/„(t,i,.)^L=-ie2^"-(*-)4-,(t,i) (4.8) 

Jr3 \ r J VI + w2 2 



kn{t,x) = I —fnit,X,v)dv 



r 



m„(t,r)=47r/ s^pn{t,s)ds^ / p„{t,y)dy (4.9) 
Jo "'|y|<'- 

|iV„(t,5)-43^^/„(<,£,«)dz; 
[M„(i, x) = fnit, X, v)dv. 

Now, (|3.7|l can be use to define A„ as long as the right hand side is positive. 
Thus we define 

Tn :=sup{t € [0,T„_i[|2m„(s,r) < r, r > 0, s G [0,t]} (4.11) 

and let 

{g-2A„(t,r) 2 - ^"'"(*''') 
(4.12) 
A„(0,r) := A 
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:= e^'"^*'^) (^^^7^ + 47rrp„(i, r)) (4.13) 

^J,r^{t,r)■.= - finit,s)ds (4.14) 

J r 

A„(i,r) := -47rre(^"+^"'(*''')fc„(t,r) (4.15) 



e„(t,r) := ^e-^-^*'"^) / s2e^"(*'^)M„(i, s)ds. (4.16) 
We deduce from H4.12|l that: 



A;=e^^"(*-) (^-!^^+4.rp„(t,r) 



(4.17) 



We also use the Vlasov equation H3.1|l and Gauss theorem to obtain the analo- 
gous conservation law given by (|3.3|l : 



d_ 

dt 



fe^" / fndv\ = -div ("e^^+A^-i-^-i /■ 

V jR3 / ^ V vi + 1;"^ 



+ (A„ - A„_i)e^"M„ 

+ (A:.-A:,_i)^e^"+^"--^"-. (4.17') 



So, multiplying H4.16|l by e"^" and differentiating the obtained equation with 
respect to i, using (4.17') and Gauss theorem, we have: 

|(e^"e„) ^ _g^e^"+'^"— + ^ / (A„ - A„_Oe^"M„dy 

^l^l^"^ (4.18) 
(A:.-A;_i)e^"+^"--^"-d2/. 

|y|<r 



47rr3 

We now prove that all the above expression make sense. 

Proposition 4.1 For all n £ N, the functions A„, e„, iV„, M„, 

A„ are weZ^ defined and regular, T„ > 0, and fin + A„ < 0, A,i > 0, fin < 0. 

Proof: This assertion follows by induction, using proposition 3.1, proposition 

3.2, and the construction of A, e. The crucial step in this proof is to show that 
Tn > 0. To do so, we take t < max(l, '^"^ ^ ) and obtain 



Pnit,y)dy<Cn (4.18') 

where C„ is a constant. How do we see the latter? In fact there are two terms 
in the left hand side of (4.18'); the first due to the compact support of fn{t) is 
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bounded, while the second can be written in polar coordinates and using the 
following formula 







Jo 



(4.18") 



as: 



If e^^-'el^^dy^'^q^ lim / se^-ntn-ids 

(4.18"') 

Now, since M„_i(i) and then compactly supported, we can con- 

clude that the left hand side of (4.18"') is bounded and then (4.18') holds as 
well. Next, choose R > such that %■ < since ^ is uniformly con- 
tinuous on [0, max(l, ] x [0,R] and "'"^"''"^ < ^ for r > 0, there exists 
T' G]0,max(l, such that Hh^Ml < for t £ [0,T'] and r £ [0,R]. Thus 

< r' < Tn and we have the desired result. 

Note that the regularity of A„ and e„ follows from the identities: 

K = Kit^'n + K) - 4^6'^"+^" fc„ - 47rre'^"+^"fc; 
2p 

e„ = gA^/n - A„e„ 

r 

and the regularity of So proposition 4.1 is proved. 

Now, to establish the convergence of iterates we prove in the following result 
the existence of some bounds on iterates which are uniform in n 

Proposition 4.2 The sequence of functions stated above is bounded. 

Proof: First of all, we define 

P„(i) = sup{|f I |(i,w)esupp/„(s), 0<s<t} (4.19) 

g„(t) = sup{e2^"("'''\ r>0, 0<s<t}. (4.20) 

o 

Since || fn{t) = / for t £ [0, r„[, we obtain for all n £ N, the estimates 



II Kit) II N„{t) ||loc<C II / IIloo (1 + P„(<) + Q„(i))4 
M„(t) ||l=o< C II / llioc (ro + t)(l + Pn{t) + Q„(t))3 
and by virtue of (|4.16(l . and the fact that A„ > 0, one has: 

II e„(i) lUoo < CQUt) II / ||i== (l + p„(t)+Q„(i))3(ro+i) 
''"^^''^^ <CQUt) II / ||i=o (l-f P„(t)+Q„(t))3 



(4.21) 



(4.22) 
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Thus, 



II Pn{t) lU-, \\Pn{t) ||l-< C{l+ro+tf II / (1+ II / \\L^)Rn{t) (4.23) 

where C > denotes a constant which in the sequel may change its value from 

o 

line to line and does not depend on n, t and /, and where 

Rn{t) = {l+Pn-2{t)+Qn-2{t)f{l + Pn-l{t)+Qn-l{t)y 
X (1 + P„(t) + Qn{t)Y\l + Pn+l{t) + Qn+l{t)y. 

We combine the estimates above with (14.1311 and H4.15|l to obtain, since 
An + A^n < 0: 

I e(^"-^")(*'^)^:,(t,r) |< Ciro+t) \\ f |U^ (1+ || / |U^)i?„(t) (4.24) 



I K{t,r) \< Ciro+t) II / ||l= (1+ || / \\L^)Rn{t). 



(4.25) 



Note that r =\ x \< ro + t for fn{t,x,v) ^ 0. Next, we insert theses estimates 
into the characteristic system which yields: 



I K+i(t,0, z) |< C(l + ro + t){l+ II / WL^fRnit) 
Integrating (|4.26() on [0,t], one has: 



(4.26) 



I Vn+i{t,0,z) \<\v\+ I V;+i(s,0,z) I ds. 
Jo 



Thus, 



Pn+i{t) <uo + C\\f lUoo (1+ II / IIloo) / (1 + ro + s)Rnis)ds. (4.27) 



(4.27') 



Next, we look for an inequality for Qn{t). We can write, using H4.12|l : 

TO„+i(t, r) 



_^ 2A„ + i(t,r) 
dt 



we see that we need an estimate for the time derivative of r?i„+i in H4.9|l . We 
calculate m„_|_i(t, r), use (|4.7|l fto express Gauss theorem, (I4.18|) and the 
Gronwall lemma to obtain the estimate; since A„ + /i„ < 0: 

2Q2 (i)^!^!l±i(!llM < Cexp (ca + ro+tf{l+ \\ f \\L^)hnpR,{t) 



Next, we integrate (4.27') on [0,t] using H4.28|l and obtain, with 
go = Qn+i(0)=sup{e^W,r>0} 



(4.28) 



16 



Qn+i{t)<qo + C I exp(c(l + ro + s)«(l+ II / ||Loe)3supi?,(s) (4.29) 
Now, consider 

'P„(i) = sup P„(t) 
)nit) = supQ„i(i); 

then P„, (5„ are increasing sequences and for all n one has Pn ^ Pm Qn < Qn- 
Using the above expression of i?„, one deduces: 

R„{t) < (l + P„+i(0+Qn+i(i))^'- 

Now fix n e N and write 14.27|l and (|4.29|l for every m, where m < n. Taking 
the supremum over m < n, yields 

P«+i(0 + <9«+i(i) < uq + go 

+ C ^ cxp (cA(s) (1 + P„+i (s) + g„+i (s))35) ds, 

where 

A(s) :^(l + ro + 5)«(l+ ||/||l~)3 

and by the Gronwall lemma, Pn+i, Qn+i and hence P„, (5„ are bounded on the 
domain [0,T"], T" > 0, of the maximal solution zq of 

zo{t)=uo + qo + C f exp(CA(s)(l + zo(s))35)ds (4.30) 
Jo 

It follows that, Pnit)+Qn{t) < zo{t), n e N, t e [0, r°[n[0, T„[, and by definition 
Tn > 7"°, n G N and the proof is complete. 

Now, in the following C{t) denotes an increasing, continuous function on 
[0,T°[ which depends on zq, but not on n. From the estimates in proposition 
4.2 we deduce: 

II Pn{t) IIl^, II pn{t) II knit) ||l~, II A„(t) ||l~ II Nn{t) 

II M„(t) lli^, II Ai„(t) Ik-, II Kit) Ik-, II fi'Jt) Ik-, II K,{t) Ik^, 

II e„(i) Ik-, II eUt) lk-<C(0, [0,rO[. 

Next we need to know more about some bounds on certain derivatives. We do 
it by proving the following result: 

Proposition 4.3 There exists a unique nonnegative function zi G defined 
on some interval [0,T^[ such that: 

\\diUit)\\L^<ziit), te [0,Ti[, neN. 
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Proof: We have the following estimates: 

'II Kit) \\L^<cm+ II fc^i) iu») 

||/4:(i)llL~<CW(l+||KWIlL~) (4.31) 

[II Kit) \\L^<c{t){i+\\p'„it) 

and by the regularity of A:„, we have, using H4.9|l . Gauss theorem: 

II k'M + II Kit) + II Kit) iu» < cit) II d.fnit) 

II P'nit) I|l~, II P'nit) Ik- < Cit){l+ II d.Uit) |U») 

Next, the definition of /„ implies that 

II 5s/„(0 ||l-<|| IIl- sup{| 9zZ„(0,i,z) I, zesupp/„(0} (4.32) 

and dzZn+iis, t, z) = dzFn{s, Z„+i(s, t, z)).dzZn+iis, t, z). The derivative dzFn{s, t, z) 
contains terms which are bounded by proposition 4.2, terms like ^ , 
e„, and ^ which are again bounded by proposition 4.2, and the terms 
K- Thus 

sup{| 9^F„(s,a.F„(s,i,,t;) |; i e | « |< zo(s)} < C(s)(l+ || ^^/^(s) ||lc.) 
and 

I a,Z„+i(s,i,z) |< C(s)(l+ II 9s/„(s) IIlo.) I 9,Z„+i(s,i,z) I (4.33) 

for any characteristics Z„+i(s,t, z) with z G supp/„+i(t), and for which there- 
fore, by proposition 4.2, | Vn+iis,t, z) \< zq{s). By the Gronwall lemma, one 
deduces from integration of 14.33|l on [s,t], since Zn+iit^t, z) = z: 

I 9,Z„+i(.s,t,z) |< exp ^ C(t)(1+ II diUr) |U^)dT 

and combining this with (|4.32|) . we obtain the inequality: 

II difn+iit) \\<\\ djf exp (^^ II ds^fnis) |U^)rf.s^ . (4.34) 

Let zi be the maximal solution of 

ziit) =11 djf IIloc, exp ^ C(s)(l + zi(s))ds^ (4.35) 

which exists on some interval [0, r^[c [0, r°[; recall that C{t) — C{t, zq). Then, 
we have: 

II 5j/„(0 ||l-< zi(i), te[0,Ti[, neN 

and therefore the quantities K fij[, can also be estimated in terms of zi on 
the time interval [0, uniformly in n. This completes the proof of proposition 
4.3. 
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4.2 The convergence of iterates 

Here we show that the above sequence of iterates which we constructed con- 
verges. We prove in the sequel this important result: 

Proposition 4.4 The sequence of iterates (/«, A„, e„) converges. 

Proof: Let 5 e]Q,T'^[. By proposition 4.2 , 

II fc„+iW - k^n{t) IIl-, II iV„+i(t) - iV„(t) |li», 

II M„+i(i) - M„(t) ||i.= < C II U+iit) - fn{t) IIloo . ^ ■ ' 

Now, by the definition of e„, one has; distinguishing the cases r < ro and r > tq: 

I e^"+ie„+i - e^"e„ | (t,r) < C |1 U+i{t) - f„{t) 

+ C [ I Mn+i{t, s) II e^"+i - e^" | (t, s)ds. 
Jo 

(4.37) 

We find an estimate for e^"+'^ — e^"-. Using the definition H4.12|l of e"^"^", we 
have 

r i^_eA„-A„+i 
and since e„ and A„ are bounded, we obtain: 

I e^"+i - e^" I (i,r) < C \\ /„+i(t) - /„(t) ||lc. 

r . . (4-38) 

+ C s\ e-^"e„ - e-^—iCn-i | (i, s)ds. 

Next, inserting H4.38|l into (|4.37(l and distinguishing the cases r < ro and r > ro, 
using permutation of variables in the double integral that appears inside the 
obtained inequality and applying lemma 3.2 to obtain; 

I e^"+^e„+i - e^"e„ | (t, r) < C V || /.+i(i) - /.(i) ||loc +C ^"^''° + . 

n! 

1=1 

(4.39) 

Thus, from — A„ < and || e„(i) ||l=°< C, we obtain: 
II e„+i(i) - e„(t) ||l~, || Pn+iit) - Pnit) ||l°°, 

C\ro+6y 



Pn+ 



i{t)~Pn{t) \\l^< cJ2 II - /^w lu- +c E 



i=l 2=n— 1 



(4.40) 

and we deduce also, since A„ is bounded, the quantities 

II Mri+l(i) - lU-, II M«+lW - t^rM IU~> II A„+l(t) - A„ (t) ||loo, 

II A'„+i(t) - KM lli^, II A„+i(0 - A„(t) ||i», II e:,+i(t) - e'„(t) |U^ 
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satisfy (|0D|) . Now, 

sup{| F„+i -F„ I is,x,v)\ X e RM w |< zo(s)} 
satisfies (|4.40|) and by proposition 4.3, 

sup{| d,F„is, S:,v)\\ S:&M.^,\v\< zo{s)} < C 

for s G [0, 5], and the estimate of the difference of two iterates of characteristics 
gives, since {Z^+i - Zn){s,t,z) = [F^ - F„_i)(s, i, 2;): 

n 

I Zn+l - Zn I (S,t,z) < C I Zn+1 - Zn \ is,t,z)+Cj2 II " W lU^ 



i—n— 1 



(4.41) 

for z e supp/„+i(t) U supp/„(t); note that | Zi \ (s, t, z) < 2:0(5), for i = n,n + l, 
and s G [0,(5]; i.c the characteristics run in the set on which we have bounded 
dzFn- Gronwall's lemma implies, after integrating (|4.41l) on [0,t]: 

I z„+i^z„ I (o,t,z) <cs J2 ^-^r^+^T. f II IU~ 

i=n-l i=l •'^ 

Thus, from 

II fn+lit) - fnit) \\l^<\\ dj |U~SUp{| I (0,<,Z), 

z e supp/„+i(t) U supp/„(i)} 
we deduce, using once again Gronwall's lemma: 

II fn+i{tyfn{t) \\l^< cs J2 ^-^r^+cJlf II M^)-M^) Ik- ds. 

i—n—1 ' 2—1 ^ 

Thus, by induction, we obtain the following estimate: 

II fn{t) - fn-l{t) ||lo^<C ^ ^ ," , n>l (4.42) 

where C depends on zq and not on n. Now, consider two integers m and n such 
that m > n. Then 

II ut) - ut) u^< cj2 + 



and the right hand side of inequality above goes to zero as m and n go to infinity, 
since the series ^ ^^^'1°'*''^^ converges. We conclude that fn{t) is a Cauchy 

n=0 

sequence in the complete space L°°, for all t S [0, <5], and since all the differences 
which appear in (|4.40() can be written in the form (|4.42l) such that the same 
holds for all sequences of functions that appear in (|4.40l) and others. So, the 
proof of proposition 4.4 is now complete. 



20 



4.3 The local existence and uniqueness theorem 

In this section, we use lemma 3.1 to show that the hmit obtained in proposition 

4.4 is regular and thus is a solution of the auxiliary system under consideration. 
We replace A, /i, A, e in that lemma by A„, /i„, A„, e„ and choose an arbitrary 
compact subinterval [0,S] C [0,T^[ and U > 0. Here the essential result to 
proved is the following: 

Theorem 4.1 (local existence and uniqueness) The limit {f, X, ^,e) of se- 
quence (/„, A ) is a unique regular solution of the initial value problem 

under consideration with {f,\,ij,,e). 

Proof: The following bounds will be essential: 

I an4s, x,v)\<C,nen,i = l,2, 3, 4, (s, i, v) G [0, (5] x x B{U) (4.43) 



I ^^ar^,^{s, X , v) \< C , n £ N , i ^ 1 , 2, 3, 4, (s, i, v) G [0, (5] x \ {0} x B{U) 

(4.44) 

where B{U) is the open ball of with center O and with radius U. 

The bounds for a„^i, a„^2 and a„4 follow immediately from those established 
in proposition 4.2 and 

mnit,r) 

— ^3 < 47r II pn{t) IIloo 

we deduce the bound on a„,3. Obviously, the derivatives of an,i w.r.t v exist 
and are bounded on the set indicated above for i = 1,2,3,4. The derivatives 
of On,!, a„_2 and a„^4 w.r.t x also exist and are bounded, since the term n'^, A^ 
and which appear in these derivatives in addition to H4.31|l were established 
in proposition 4.3. The only qualitatively new terms which appear in d^an^s are 



An 



The third term of these are bounded by proposition 4.3. In the two first terms, 
the critical term is ^ '""^^3''-' ^ , but for r > 0, 



TO„(t, r)\' 



< 7^ II p'Jt) II 



We now look for bounds of the two last terms. To do so we calculate using 
ijTT^ and (4.18") to obtain: 

e^it, r) = -^e-^"(*''-) s^e^"^*^^) (AU/„ + M',){t, s)ds + ^e„(t, r)XUt, r) 
+ (A;2 - CnK - qKMn + qM'^){t, r) 
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from which we deduce the following bound of e": 

II e^it) C{t){l+ II p'M IIl» + II Pnit) + II I|l~). 

Using once again H3.13|l and (4.18") we obtain: 

f< _ ^) (^t,r) = |^e-^"(*''-) r s'e^"^'^^HX'„M^+M:,){t,s)ds--X^{t,r)e,,{t,r), 
\ r r'^ ) ir^ Jq r 

from which we deduce the following bound of — — %: 



{t,r)<cm+\\ m:m iil^), 



and the existence of the dzUn^i bound's is proved. Now, the convergence estab- 
lished in proposition 4.4 shows that | an,i — dmA \ (s, x, v) — > 0, for i = 1, 2, 3, 4 



n,m — *oo 



and uniformly on [0,6] x 
argument is 



X B{U). Therefore, the crucial term in the present 



H„ = e 



which appears in a„^5. We use the same calculations that we did when proving 
proposition 4.3, using Gauss theorem, the Vlasov equation and proposition 4.4 
to obtain that: Hn — 47rg„ — > ; A„ — A„-i , uniformly on [0, S] x [0, +00 [, 

n — »oo n — *oo 

where g„ is obtained from (|2.16l) by replacing /, A, e, by /„, A„, e„ respectively. 

The above estimates on the coefficients in lemma 3.1 show that for any e > 0, 
there exists N E N such that for all n,m > N we have the different inequalities: 



in As) - im.j{s) |< e + C(| - ^mj(s) | + | Vn,j{s) ~ Vm.jis) \) 

Vn,j{s) - ■r]m,j{s) |< £ + C(| Cnj(s) - 6nj(s) | + | Vn,j{s) - Vni,j{s) |) 



The Gronwall lemma now shows that {S,n,j) and (?7„j) are the Cauchy sequences 
and thus also {dzjXn{s,t, z)) and {dzjVn{s,t, z))) are the Cauchy sequences lo- 
cally uniformly on {[0,T'^[)^ x R^. Thus Z„(s,t, .) e C1(R6) for s,t € [0,T^[, 
fit) e Ci(R6) for t e [0,ri[, and we deduce that p{t),p{t) e C^i^^), 
M{t) G Ci(R3), N{t) e Ci(R3), and k{t) G C^R^ \ {0}) n C\[0,+oo[). The 
right hand side of the characteristic system is therefore continuously differen- 
tiable in and Z{0,t,z) is differentiable also w.r.t t, thus / € C'^{[0,T'^[xR^) 
and (A, /i. A, e) is a regular solution of the auxiliary system. Now we can check 

° ° o o 

if that solution takes the initial value (/, A, fi, e) at i = 0. We established before 
that the convergence of iterates is uniform on some interval [0,6]. So we can 
deduce: 



Xn(t) 

le„(i) - 



fit) 
■Mt) 

e(t) 



for alH e [0,6]. 
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In particular this holds for t = 0. But by the construction of /„ and A„ and 
separation of L°° one has immediately: 

/(0) = /; A(0) = A. 

Since e is a regular solution of constraint equation H3.19|l we obtain, taking 
H3.13|l a.t t — 0: e(0) — e and the result for follows by using equations (|2.8|l 
and (|3.18|) . We end the proof of theorem 4.1 by showing uniqueness. 

Assume that we have two regular solutions (A/, /, e/), (Ag, /ig, g, Cg), with 
A/(0) = Ag(0), Ai/(0) = ^lg{Q), /(O) = 5(0), e/(0) = eg(0). The estimates, which 
we applied to the difference of two consecutive iterates in proposition 4.4 can 
be applied in analogous fashion to the difference of / and g to obtain 

II f{t)-g(t) \\l^<C f W f{s)~g{s) ds 
Jo 

and using the Gronwall lemma, one concludes that f{t) — g{t), and then Xf(t) = 
Xg{t); fif{t) — fig{t), ef{t) = eg{t) as long as both solutions exists. 

5 The continuation criterion of solutions 

Here we establish the continuation criterion for local solutions which may allow 
us to extend that solutions for a large time t. 

Theorem 5.1 (Continuation criterion) Let (/, A,//,e) he a unique regular 

solution of the initial value problem under consideration with (/, A, fi, e) defined 
on a maximal interval / C M o/ existence which is open and contains 0. // 

sup{| V I I {t,x,v) e supp/, t > 0} < +00 

then sup / = +cxd, if 

sup{| V \ \{t, X, v) e supp/, t < 0} < +00 

then inf I = ~oo 

Proof: Let [0, T[ be the right maximal interval of existence of a regular solution 
(/, A, 12, e), and assume that 

P* — sup{| V I I {t,x,v) G supp/} < CO 

and T < oo. We will show that under this assumption we can extend the 
solution beyond T, which is a contradiction. Take any to e [0,r[. Then the 
above proof shows that we obtain a solution / with initial value /(to) — f{to) 
on the common existence interval of the solution of 

zo{t) ^Uo + Qo + C f exp (C(l +ro + s)8(l+ || /(to) ||l-)3(1 + zo{s)f') ds 
Zlit) =11 dJito) IIloc exp ^ C(s)(l + zi(s))dsj 
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where C(s) is a function which depends on zq, and 

Uo = sup{| v\ \{x,v) e supp/(to)} < P* 
Rq = sup{| x\ \{x,v) e supp/(to)} <ro+T 
Qo = sup{e^^(*'''''\ r>0}. 

By proposition 4.4, A = A = -47rre^+^fc, and thus || A |1lo=< C, i G [0, r[, 
which implies the estimate 

Oo < Q* = sup{e2^(*'''), t e [0, Tl r > 0} 

I dzZ{0,t,z) \< C, for z g supp/(t) and t € [0, r[, since all coefficients in 
lemma 3.1 are bounded along the characteristics in supp/; for the coefficient 
we observe that due to (|2.9() . H — Anq, where H denotes the left hand side of 
H2.9|l . and q is bounded due to the bound on supp/(i,i, .). Thus 

II dJito) \\l^< sup{|| dJit) \\l^ I, t e [0,T[} < +00. 

These estimates imply that there exists 5 > 0, independent of to, such that 
{zo,zi) and thus also the solution /, exists on the interval [to, to + S]. For to 
close enough to T this solution extends the solution / beyond T, which is a 
contradiction. Thus if P* < oo then T = +oo and this ends the proof of 
theorem 4.2. Using theorem 4.1 and theorem 5.1 we can prove the following 
essential result of this section: 

o 

Theorem 5.2 (local existence, continuation criterion) Let f e C°°(M®) 
be nonnegative, compactly supported and spherically symmetric such that 

be satisfied. Let X,fJ,,e S C°°(M'^) be a regular solution of j5'.i7| ), and 
1^3. 19\) . Then there exists a unique regular solution (A,/i,/, e) of the spatial 
asymptotically flat spherically symmetric Einstein- Vlasov-Maxwell system with 

° o ° o 

(A, fi, f, e) on a maximal interval / C M o/ existence which contains 0. // 
sup{| V I \{t,x,v) e supp/, t > 0} < +00 

then sup / — +oo, if 

sup{| V I \{t,x,v) G supp/, t < 0} < +CO 

then inf / = — oo. 
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